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Abstract

This document describes the N-body problem aagswhat it can be sad. The
“N-body problem” is the problem of trying to find\Wwa objects will mae under one of
thephysicalforces,suchasgravity. TheN-bodyproblemis developedmathematicallyand
shavn to beanOrdinaryDifferentialEquation(ODE) and,usingnumericalanalysis solu-
tions to the N-body ODE are constructed. Methods/aluaiting the gnatational force
function are also sueyed. Emphasis is gen to details that are rgknt to the program
XStar, which graphically displaysvelving N-body systems. The tBfences between the
solutions to ODEs presented in numerical analysis tnd the requirements of the N-
body problem in general, and the XStar program in specific are also discussed.
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Introduction

The XStarprogramstartedout asa simplescreersaver, but it evolvedinto afairly
largeN-bodyproblemsolver. Lik ewise,thisdocumenstartedout asjustthetheorybehind
the XStar program,ut it has golved into a &irly complete gerview of the N-body prob-
lem. While this document still emphasizes the aspects of the N-body problem that are rel-
evant to XStarit nov covers enough of the N-body problem that the reader shoutd ha
mostof thebackgroundcheededn orderto understandhe currentresearchevel paperson
the N-body problem. & another &y of viewing this document is as a case study in
numerical analysis, as the N-body problemers maw of the important topics in this
area.

This document concentrates on the §fvmore than the “he”, and the options
and trade-d$ instead of the details and implementatiocornkulas are only dared when
it makes it clearer ho areas are related; proofs are almostgk skipped. These details
canbeobtainedoy usingthereferenceanaterial A backgroundn integralanddifferential
calculus and a colge level physics course will be assumed, although someone without
that background may well be able to fellonost of the discussion. Kmbedge of difer-
ential equations and basic numerical analysisld/be a helpful, although not required.

Sectionl.0 covers the issueswolved with the N-body problem, from the mathe-
maticalfoundationsto theimportantcharacteristicthata goodsolutionshouldhave. Sec-
tions 2.0, 3.0, and 4.0 eachveo one of the three major areas where a N-body program
cangain or loseefficiengy. Sectionss.0and6.0 cover the conclusionghatwerefoundfor
the XStarprogram For otherprogramstheseconclusionsnaynotapply, but they give an
idea of what needs to be considered.

As far as the books and papers that are referenced by this documenysihs ph
andcalculusbookscanbereplacedy any goodcollegelevel text bookwithoutany lossin
coveragelf youcant gettherequiredbackgroundf physicsandmathfrom a collegetext
book picled out at random, then thaktdéook isnt arny good.

None of the numerical analysis books seem t@icall of the details that need to
be covered,andyet mary of themcontainin-depthproofsthatareoftenbeyondthescope
of what needs to be gered. It appears that you will often need to referenegrls farge
numberof numericalanalysisbooksin orderto getadequate&overage(andexplanations).
The two numerical analysis books that stand outhumeerical Recipesin C (14), and the
1968 Schaung’ Outline SeriesTheory and Problems of Numerical Analysis (15). | find it
someavhatdepressinghatthe60’s versionof Cliff’s notesgivesabetterandmorein-depth
coverage of the problems of numerical analysis than most of the current numerical analy-
sis books, such &urden and Faires (2).
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Andrzej Marciniak has produced a very good book Numerical Solutions of the N-
body Problem (12). It covers mostly information in sections 1.0 and 2.0, but it gives very
detailed (but very terse) proofs of all the items that this paper glosses over. Most other ref-
erences to material covering the N-body problem are research papers that apply mostly to
section 4.0.

Finally, arequest from the author: the X Star program and this document were both
created as learning exercises for myself, and in that light, | am very interested in hearing
any feedback about either one. Everything from bug reports, notes about typos and gram-
matical errors, to any major misunderstandings or omissions are welcome. X Star contains
severa features that were donated by other people, and any new features to X Star or addi-
tions to this document will be seriously considered.

FIGURE 1. The Paths of seven stars, ascreated by the XStar program
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1.0 Theory of the N-Body Problem

1.1 TheBackground and History of the N-body Problem

TheN-bodyproblemhasbeenstudiedsinceancientiimes,althoughpeopledidn’t
realize that that s what thg were doing. Ag time there are seral bodies (planets,
stars, apples, electrons, etc.) thavenander the force of one of theysical lavs, you
have an @ample of the N-body problem. When the ancient Greeks studied tresmaat
of the planets, the changes of the seasonswoighaity works here on Earth, tihevere
actually struggling to find solutions to the N-body problem. Significant hesadw the
problemdid not occuruntil CopernicusandKeplertackledthe problemin themid 1500s
andit wasnt until IsaacNewton releasedhiswork, Principia in 1687thata solutionto the
specialcaseof n = 2 wasfound.In thisbook,Newton laid out his laws of gravity andthe
foundation of what we o know as classical pfsics.(3:148,12:1)

The studyof the N-body problemhashada significantimpacton history Theorig-
inal theoriesof themovementof the starseadto mary religiousandphilosophicabeliefs,
someof which arestill aroundtoday for example,in theform of astrology Thework that
Newton did on the N-body problem lead directly to theedepment of Intgral and Dif-
ferential Calculus. His delopment of piisics has lead directly to modern engineer-
ing.(3:148) Oneof themajorjustificationsfor building thefirst electroniccomputeisystems
was to sole the N-body problem for artillery shell trajectori@s3)

Modern plysics has found that there are only four fundamentgipal forces,
namely: graity, electro-magnetic, strong nucleand weak nuclearThese forces all
have a fav things in common: thecan be epressed in @ry simple formulas, thyeall are
proportional to some property of an object (mass, electricajjehatc.), and thyeall get
wealerthefurtheraparttheobjectsarefrom eachother(7:30-33) How particlesmove under
these forces are all s@ld with similar N-body programs. Guity is the simplest of these
forces, and the only one that is implemented by XStar and, so, it is the only one that will
be directly discussed. Besides the modifications needed to handle the other forces, there
are also specializecewsions of the N-body problem that ¢éakinsteins relatvity into
account, and ones that &into account quantum mechanics.

When most pysics text books present these forces ytisbav the simple formu-
las,andthey usetheseformulasto solve mary simplecasesRarelydothey try andpresent
casesvheremorethantwo objectsarecreatingtheforcesandfor goodreasonAs soonas
there are three objects thatwveainder one of the four fundamental forces, the N-body
problembecomewery hardto solwe. It is the N-body problemthatlinks the four physical
forces to the compleresults that we see as theuanse2:49)

1. Only graity and the electro-magnetic forces are directly olesbinr eeryday life. The strong force is
responsible for the dérent elements that atoms come in and for nucleaepdhe weak nuclear force
causes certain types of nuclear decay
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Studyingthe structureof the N-body problemshaws thatwhenbodiesmove under
one of the pysical forces, the paths will be smooth aedywpredictable in the short
run(12:4) This is the source of almost all the predictability that we seeciry@ay life:
objects &ll down, rocks are hard, tides in the oceans, the seasons of thagear
machines function, etc.

Studyingthe structureof the N-body problemalsoshawvs thatin thelongrunt, it is
very hard to predict tva things will turn out and thatery small diferences in initial con-
ditionscanleadto wildly differentresults.Thisis thesourceof almostall of thechaoghat
we see ineeryday life: the weathethe roll of a die, the ay things crack and break, etc.

It is this conflict between the predictability and the chaos, the glimmer of almost

knowing how a star pattern will turn outubnever being sure that lead me tovdp the
XStar program to its current form.

1.2 Newtonian Physics

Newton laid out the formulas needed to sotlie N-body problem for gray
some 300 years ago. Thare really &irly simple and the formulas ares:762-85,17:78-83)

X The position of the body
v =X Velocity is the rate of change of the position.
a=Vv =x" Accelerations therateof changeof thevelocityand
is also the second deaitive of the position.
F = ma Force equals the mass times the acceleration.
Gmym, _ :
F=— The force of graity between tw bodies (of mass
'

m, andmy,) is equal to a consta@times the

product of the massesydied by the square of the
distancer 1, between the bodiese®hnically the

Gmym, Fyp
t2 [Fad
the \ector between the wbodies andt, is the

length of the ector That is, the force is projected
along the line connecting thedvbodies.

formula looks more lig F =

wheret,, is

1. While it is possible to give precisedefinitionsof “shortrun” and“long run”, it is notvery usefulto do so.
Just be ware that what is the “long run” for some problems might be the “short run” for others.
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Usingtheabove equationsit canbe proventhatsereral propertieof a starsystem
can not be changed during the lifetime of the system. The proofsidyerivolved, ut
the results are well kmmn. Collectvely, these properties are kmao as the “constants of
motion”.(12:49-56)

The constants of motion are:

» Thetotalenegy of thesystemmustbeconsered.So,if thekineticenegy of
the system increases, the potential gnenust decrease.

» Matter can be neither created nor desth
* The total (linear) momentum of the system must be coederv
» The total angular momentum of the system must be catserv

» The center of mass of the system, if itve® at all, must ma in a straight
line and with a constant speed.

Knowing that these items must remain constant can be used to help determine if
the results from a “solution” to the N-body problem is correct and, if not, the size of the
error. It will beshavn laterthatnumericalsolutioncannot, in generalpe exactly correct,
so determining the type and amount of errors is an important part of creating a good
method for solving the N-body problem.

While thesgformulasarenotvery complicatedit canbehardto getagoodfeelfor
how the formulas respond with oubwking with them adir amount, so looking at avie
examples at this time isavranted.

1.2.1 An Example of Newtonian Physics With Just Two Bodies

As a first @ample, lets look at the case of justévbodies in space as stiin
FIGURE3. Eachbodywill have apositionin spaceamassandavelocity, whichareinde-
pendenof all otherbodies.f thereis noforceappliedto abody; it will continuealongon
a straight line in the direction of thelacity vector How quickly the body wuld more
depend®nthesizeof thevelocity vector In thisexample,Body 1 is moving up andto the
left, Body 2 is meing dovn and to the left. Body 2 is also mig quicker than Body 1.

2

* /

1

e A body with a certain mass
= Gravitational force
—» Velocity of the body

FIGURE 2. The components of a two body system
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Newton’slaw of gravity saysthattherewill beaforceexertedby thetwo bodieson
each otherThe force will be along the line that connects them and the forces must be
equal and opposite to each othHnese forces will cause the bodies to acceleratartb
each other and the magnitude of that acceleration depends only on the distance and mass
of the other bodyThe acceleration will cause thelocities of the bodies to change and
thus cause the bodies to no longevenm a straight line. (See FIGURE 3.)

{ )

? o
1

FIGURE 3. Paths caused by the gravitational force

When there are only mbodies in a system, theavill always mwoe on paths that
follow one of the conic sectiohdf the bodies are nving slovly enough that theorbit
each otherthey will move around their common center of mass.

1.2.2 An Example of Newtonian Physics With Four Bodies

For aslightly morecomplicatedexample let’s look at the caseof four bodiesasin
FIGUREA4. Eachbodyexertsaforceonall otherbodies.Thetotal force,andthereforethe
total acceleration is simply the sum of all three forces. The paths that the bodiesewill tak
when there are more thatawodies can beevy complicated. (See FIGURE 1.)

2
1 °

\.b o3

FIGURE 4. Forces exerted by several bodies

1.2.3 A Detailed Example of Newtonian Physics With Two Bodies

In thefollowing example we will look atasimpletwo bodysystemn somedetail
One of the bodies will be so much more masshan the other body that it idesdtively
immobile. This is similar to the case of a comet and the sun, or the earth and a satellite.

1. Theconicssectionsaretheshapesnadewhenyou cutaconewith aplane.Dependingpntheangleof the
plane,you cangetapoint,asingleline, two intersectindines,acircle, anellipse,a paraboleor a hyperbola.
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FIGURES. shavs thex andy positionsof the cometwith the sunlocatedat (0,0).
As the comet mees around the sun, the force of\grais aways pulling the comet
towardthe sun. Themomentunof thecometkeepst moving in adirectionthatis slightly
away from the sun. When the comet is closest to the sun, it will benxgthe quiclest
and will have the most forcexerted on it.

40
20

(=4]

Y Position

-1a

=15

-z

-268-18 A 18 28 28 48 58 &8 78 24
% Position

FIGURE 5. An X-Y plot of atwo body system

While shawving boththex andthey locationsof thecometin oneplot letstheorbit
of the comet be seen clearityis also possible to shojust the x or y component of the
positionasafunctionof time,asin FIGURE6. andFIGURE7. Theseplotslet usseehow
quickly eachcomponenbf thepositionis changingasboththex andy componento not
changeatthesamerate.As you cansee bothgraphsarevery vaguelysinusoidalHadthe
comets orbit been a perfect circle, these grapbsld hare been perfect cosine and sine
functions. The comet mer gets within 10 units of the sun and yet the position functions
already shaev some lage changes in a short amount of time. Most cometsvareraore
elliptical, which would cause the graphs to becoreremore distorted.
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A Position

-2A | | | |
oA Seaa S8 1888a

Time Step

FIGURE 6. The X component of the position as a function of time

Y Position

-20 '
2564 5808 =15 laana
Time Step

FIGURE 7. The Y component of the position asa function of time
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As mentioned in the start of this section, tkeéeity of the comet at grgiven
pointof time will betheslopeof the positioncurve. (Thatis, thevelocity is thederivative
of theposition).The places~vherethe positionfunctionis notchanging(i.e. thetangento
thecurweis aflatline) arethe placeshatvelocity functionwill crossthet axis.Theplaces
where the position function is changing the qaitks where theelocity function is the
largest. Looking at FIGURE 8. and FIGURE 9. we can see that this is the case. Note that
thevelocity curvesareevensharpethanthepositioncurves.Hadthe comets orbit beena
circle, the elocity functions wuld have been the sine and cosine functions.

a.88 |

a.84 |-

A WVMelocity
=
=
o
T

-@. 082

-8. 84

25648 5808 =15 laang
Time Step

-H. B85

FIGURE 8. The X component of the velocity as a function of time

Y Welocity

-@. 12 ' ' ' :
258a Saaa FSE8 1oEaan
Time Step

FIGURE 9. TheY component of the velocity asa function of time
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Just like the elocity is dewative of the position, the acceleration is the \c#ive
of the \elocity. In FIGURE 10. and FIGURE 11., the components of the acceleration are
shavn. Just as @as the case with theelocity, these graphs kia sharper spés and een
longer flat spots. Agn, the acceleration function®wld have been the cosine and sine
functions had the orbit been a circle.

H. 886" T T T T

H.A88s |- —
B.A885 | B
H.B88684 |- 5
B.BA883 i

B.0882 - H

# Acceleration

H.B8861

5]

-3.8601 ' ' ' '
25848 SEa8 75848 18888
Time Step

FIGURE 10. The X component of the acceleration as a function of time

8. 8885 . . . .
8. B804
8. E803
B, @862
B, @861

5

-@. 8881

Y Acceleration

—d.88082

—H. 880823

-@. 0884 ' ' ' :
2508 Seea 7588 16860
Time Step

FIGURE 11. TheY component of the acceleration as a function of time
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If, instead of just tw bodies, we had plotted the case of four bodies, all of these
functions would hare become much more complé few things would have remained
constanthough:therewould have beenlargetime periodswherethefunctionswould have
been ery smooth and shdy changing, and thereauld have been short periods of times
wherelargefluctuationswvould occur While thesesharppeaksepresena smallamountof
time, the represent agirly large distance in the x-y planeaké the time period from
around3900to 4800asanexample. While it takesaround6000time unitsfor thecometto
orbit the sun, this small 900 unit time period accounts for a surprisingly fetoportion
of the ellipse. (See FIGURE 12.)

T T T
48 r t=3900—, A
38 :
za | : -
16 '

5]

Y Position

-1a

=15

-2 | 5 _

-¢A-168 A 18 28 328 48 S8 &8 7@ 848
% Position

FIGURE 12. Path of the comet during the spikes

While the spiles in the graphs lookevy sharp, under closer inspection (See
FIGURE 13.) we see that the functions are séiyvsmooth. Later on, it will be sivo
these functions will alays be smooth, when loed#t at close enough. There canarebe
ary jumps or sharp bends in the functions.
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FIGURE 13. Functions are smooth, when looked at close enough
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1.3 Development of Methodsto Solve the N-body Problem

In order to calculate mothe stars will mee, we need to find the current accelera-
tion basedbnwhereastaris at. A little bit of simplealgebraon Newton’s formulasshaws

that the acceleration for avgn star due to one other staris- f%—rzgzrlz . For the N-body
problem, one copof the right hand term is needed for each other star in the system. The
result is the gctor equation12:50)

n
Gm,

no_ N r t

X" = z _r_2/3| Wheret , is the ector to the'l star

i=11

While this is a ector equation, each dimension is handled in an identical manner
and the dimensions are related to each other only by the change verthledistance
betweerthebodies As wasseenn Sectionl.2.3,bothdimensionsouldbelookedat sep-
arately and both had similar functions. So, for thees#ksimplicity the \ector nature of
the N-body problem will be ignored for the rest of the document.

It should be noted that just because tbetor nature of the problem can, for the
most part, be ignored, the number of dimensions doasdaignificant impact on the
natureof theN-bodyproblem.Whenthereis only onedimensionstarsmustmove alonga
single line and therefore end up either colliding or goirigooinfinity. With two dimen-
sions, stable orbits can be created, and it is possible for unstable systems to last for an
indefiniteamountof time. With threedimensionsthenumberof collisionsis reducedeven
further After all, in orderfor starsto collide, they have to beclosein all threedimensions
instead of just tw.

Theaboveformulais amessyenoughasis, butasshawvn, it doesnt eventakeninto
account thedct that the position,elocity and acceleration alawy with time. So, this
equation will be abbkeated as:

X'(t) = f(x(t) Wheref() is the complicated force function

This equation is knen as a “diferential equation” because it relates the second
derivative of X", to thepositionx attimet. More specifically thisis knowvn asanOrdinary
DifferentialEquation,or ODEL Sometimegherearewaysof solving ODEsthatcomeup
with exactformulas,but for the N-bodyproblemwith morethanthreebodie$, noonehas
foundamethodyet. Whena problemcant be solvedthroughthe standardnethodof dif-
ferential equations, you generallyweao resort to numerical analy%ia2:49,2:233,1:289)

1. There are alsoartial Differential Equations (PDEs)ubthey have no bearing on the N-body problem.

2. In 1912 K. F. Sundmardevelopeda corverging infinite serieghatsolvesthe 3-bodyproblem however it
converges too slarly to be of much use. The numerical methods turn out to be nfariermt (12:1)

3. Numerical analysis is the study of finding approximate solutions to equations through calculations as
opposed to symbol manipulationdikyou wuld do with algebra.
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The N-body problem is also kwon as an “Initial \dlue Problem” because, typi-
cally, thelocationsandvelocitiesof theobjectsareknown ata giventime andthe problem
is to determinghe stateof the starsystenfor sometime in thefuture.It canbeshavn that
the N-body problem satisfies the Lipschitz condition, and therefeea giy particular
initial situationtherecanonly be onepossibleoutcome While this might be expectedfor
the N-body problem, it is notvahys true for all types of ODE@2:4)

One vay of working with ODEs is to intgrate out the deratives, as follas. In
the case of the N-body problem, the gregion has to be done twice, once to get the
velocity, once more to get the positigns:1022,1:293)

xX'(t) = f(x(1)

d2
0 270 = 100)
O d2x(t) = f(x(t)dt2
0 X0 = [Tt (EQ)

Theintegrationof f (x(t)) canthenbeperformedby first breakingtime down into a
series of small, discrete steps, a process that 8rkas “discretization” of the problem.
Then approximate solutions for each step in the series can be calculated and added
together This, of course, leads to small “discretization errors” which accumulate and can
lead the future state of the bodiegag from the one true future stage:567)

The goal is to makthese errors be as small as possible and ap®fareducing
thediscretizatiorerroris to reducethe sizeof eachstep.Therearetwo problemswith this
solutionthough.First, it takeslongerto comeup with thefinal solution.Secondlythereis
another source of errors, kmo as round dferrors, which are inherent in (almost) all
floating point calculations on computers. The smaller the step size, the more calculations
will have to be done and the ¢gar the accumulated rounding errors will be. So, there is a
limit to how small the step size can be made without starting to increase the size of the
total; error agin. (12:25-6,1:308-9)

A second problem with inggating equation (EQ 1) is that it is hard to sample the
value off (x(t)) during the time period that weant to intgrate @er because the circular
dependengbetweernx(t) andf (x(t)). This males the standard methods of numeric inte-
gratedifficult to use.Therearetwo basicapproachethatcanbe usedto work aroundthis
problem. The first method is to use atrapolating or open ended method of gredion
where only the &lues off (x(t)) from the past and present are used tgynatie each step.
Thesecondnethodis to considertheintegral in equation(EQ 1) asanunknown function.
Eventhoughwe don't know whatthis functionis, atleastthefirst few derivativesareeasy
to find, and it is theoretically possible to find all slatives. This property means that the
Taylor series can be used to approximate the function.
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The simplest method ok&apolating intgration is called Eules’method, and
when applied to star mement with time broén davn into steps of size h, the result
comes out as:

v(t +h) = v(t) + h a) (EQ2)
X(t+h) = x(t) + h Ot)

Thatis, attime t+h, thevelocity will beequalto thevelocity attimet, plushow muchthe
star has acceleratedlar the time period, assuming that the acceleration is constant. Simi-
larly, the n&v position is based on the original position and thleacity.

Equation (EQ 2) can be deed from (EQ 1) as follws:

X(®) = [[F(x(O)dtet
0 v = [FxO)dt

0 vt+h) = J‘_ _f(x(u)dt + ﬁ”‘ f(x(1))dt
O wvt+h) = vt)+ ﬁ Nt (x()dt
O w(t+h)=wvt)+hOf(x(t)

exact \elocity \‘

v(t)+hf(x(1)) k
f(x(t))

v(t) ]

t t+h t
FIGURE 14. Graph of Euler's method

As FIGURE 14.shawvs, Euler's methodcanresultin largeerrorsbecaus¢heaccel-
erationisn’t constantjt change®verthetime period.Taylor'stheorenmsaysthatthe exact
solution will really hae the form:

V(t +h) = v(t) + ha(t) + %hza'(Z)
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So, there is really some othenknavn, term that is on the order as the square of the step
sizeh times the dglue of the rate of change of the acceleration at some timthe time
periodin which this move took place.Taylor's theoremsaysthat ¢ [ (t...t + h) , but that

the xact \alue of{ can not be knen.

Using Taylor's theorem to dere a more accurate approximation of the function
can be done by using additional terms. As>an®le, we could use:

1

X(t+h) = x(t) +hx(t) + %hzx"(t) s

h3x"(t) + A%h“x(“)(t)

The error in this formula, i.e. the fiifence between the infinit@ylor series and the
Taylorseriesthathasbeentruncate& after5 termswill benolargerthan éth(S)(z) . (16:580-

2) While the Rylor series could be used to creategy/\accurate solution, the problem
with it is that @en the third devative ofx(t) can be complicated andpensve to calcu-
late in the case of the N-body problem.

All theothermethodausedto solve theN-bodydifferentialequatiorendup having
a similar sort of error term. That is, the error wiVe@&ome constant times, someveo
of the step size times, some complicated functi@uated during the time inteait ...
t+h). Theconstants oftenhardto calculatethefunctionis very hardto calculatethetime
value that the function isvaeluated at is impossible to calculate, so the only easilywkno
guantityof thiserrortermis the power of the stepsize.(16:580-2) Theerrortermfrom above
would normally be denoted €£(h5), that is, it is on the order &P. Thus, the formula is
accurate t@(h*) and as a result, this methodwld be knavn as a “fourth order” approx-
imation of the gact solution.

1.4 What Is the “Best” Method?

Before an ealuation of the dferent methods of inggating ODEs can be made,
objectwve criteria must be definedoFmost N-body problems, we can use this definition.

Definition:  One method ibetter than another method if, in a & amount of
time, it is able to calculate the positions aetbeities with greater
accurag.

1.4.1 The Efficiency of a Method

In the definition of a “better” method, the phrase “in adi;amount of time” is
veryimportant.lt doesnt do ary goodto have aroutinethatcancalculatethe movements
of the stars more accurately if it alsogakonger to do the calculations than another
method.Thequicker methodcouldbe mademoreaccuratéy justdecreasinghestepsize
a little. For the same reason, it is also meaningless to just compare “which is more accu-
rate at a gien step size”, some methods do much markwer step.

1. Discretization error is also kwa as truncation error for this reason.
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There are three components of thigcefncgy that must be considered:

Firstly, how efficiently a method uses the results of the force fundtjomust be
considered. As arxample, Eules is normally much lessfefient than a fourth order
Taylor series because in order to get the same agowrtdcEulers method, the step size
would have to be much smaller and therefd(g¢would have to be ealuated may more
times. This turns out to be the predominate consideration for XStar

Secondlyhow efficiently a method selects the points in timevaleatef() must
be considered. The time step needs to be shortestf(yherhanging rapidly in order to
keepthediscretizatiorerrorto a minimum, but usingthe samestepsizewhenf() is chang-
ing slowly is inefficient. Dynamically changing the step size esk method more com-
plicated,andit alsomakestheresultscomeout atanirregularrate.For someapplications
it is acceptable for a method to éa&onsiderably longer to return a result in certain situa-
tionsthanin othersituations XStar, however, needdo displaytheresultsin realtime. The
speedn whichthestartrails aredisplayedonthescreemeeddo reflecthow fastthestars
are meing.

Thirdly, how efficiently aroutinecalculateghefunctionf() mustbeconsideredA
straight forvard implementation df) as outlined in Sectioh.3 on pagd 7 produces a
routine that taks O(?) operations. So, when the number of stars is doubled, the routine
will take four times as long to complete. There are methods of calcuigtthgt are
O(nlog n) or even Of), but they are much more complicated to implement. While this is
very important when you are calculating theverments of the millions of stars in a
galaxy, for XStar this is not as important of a consideration.

1.4.2 TheAccuracy of aMethod

Another aspect of the definition of “a better method” i& ldo we determine
which method “has the greatest accyfidNe knaw that all methods that use numerical
analysis to find a solution mustyeaa dgree of error in them, and that these errors accu-
mulate. So, les try this for an initial definition of accunac

Definition: One method is moraccur ate than another if the results more
closely match what auld happen in the realosid.

This really is what the definition of accuyashould be, bt there is a problem:
how can the computers’ results be compared to the reddlwThis vould require eperi-
ments that wuld be \ery hard to perform. In Marcinia&kbook,Numerical Solutions of
the N-body Problem (12:54-6) heusesatwo bodysystenthathe canderive exactvaluesfor
and compares the computers’ results to theaeteanswers. Heever, it is very question-
ablethatthismethodis suitablefor judgingtheaccurag of 15 starsthatareinteracting et
alone millions of stars.
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Even though the Lipschitz conditions says that there can be only one true,answer
the unaoidable errors due to discretization and roundingenitis hard to tell which of
severaloutcomess really the“correct” one,or evenif ary of themarecorrect.If the*“cor-
rect” outcome can not be obtained, then a choice must be made between which types of
deviations are better orevse than other

As aresult, | hee had to based my judgements of which methods are “better” by
looking at the types of errors that | see and comparing them with other methods¢hat ha
a smaller step size. Ifweral diferent methods all agree that a particular star system
shouldendup a certainway whena very smallstepsizeis used thenthis informationcan
be used to judge the methods whelrythge a lager step size. So the definition of accu-
ragy that | hae had to use is:

Definition:  One method is moraccur ate than another if the results seem to
more closely match the results o¥erl other methods when the
used “substantially” smaller step sizes, or more cpu time or both.
Signs that a method has the types of errors that t dba’cause
that method to be deongraded.

This is not the rigorous, technical definition thatduhd like to hae used, bt |
know of no better definition.
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1.5 Typesof DeviationsIn Star M ovement

There are seral diferent types of deations from the ideal star mement that
shav up from the discretization and the rountlefors. Most of these errors come from
having one or more of the constants of motion changuey time.

1.5.1 Gaining or Losing Energy.

When a star@ns or loses engy, instead of the star making an elliptical orbit
around a collapsathe orbits decay and either spiral in or spiral out. So, instead of a
perfect ellipse, the star mement looks lik FIGURE 15.

FIGURE 15. Results of a method that gains/loses energy.

This type of error tends to mala \ery uninteresting star system because a lot of
starswill belosteitherdueto collisionsor by starsmoving off thescreenEuler’s method
tends to gin enegy over time, lut the fourth order Adam-Bashford method tendsety v
slowly lose enagy.

1.5.2 Distortion

Somemethodssuchasthetaylor3method bothgainsandlosesenegy, depending
on the situation. When a star orbits a collaps&eeps its elliptical orbit, It the orbit is
moreelongatedthanit shouldbe.lIt is hardto evennoticethis unlessyou monitorthetotal
enegy level as the system progresses.

It is hardto predictwhatthistypeof errorwill doto asystemWith only two stars
it is hard to tell that this type of erroven «ists, lut with mary stars it is clear that the
taylor3 method does notvg as accurate of results as other methods.

1.5.3 Perihelion Shift

Some methods maintain the elliptical orbit around a collapsathe perihelion
(the spot on the ellipse closest to the collapsar) rotates around the colegpdane.
Enegy is neither gined nor lostwer time, lut the angular momentum changes.
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The result of this error produces interesting results in XStars that orbit close
to a collapsar form a solid disk of colors. (Should thaterthks error more acceptable
than the rest?)

FIGURE 16. Results of a method that shiftsthe perihelion

1.5.4 Overstep Phenomenon

Theoverstepphenomenots directly causedy the discretemovementof the stars
instead of the continuous wement thatxsts in the real wrld. Take the case of a star
that is flling tovard a collapsaAs the star gets closer to the collapsar it picks up speed
andwith eachsteptheforceof gravity getsmuchstrongerWhenthe stargetsto time step
t, (See FIGURE 17.) it will be so close to the collapsar that thiestep will tale it well
past the collapsar onto the other side when, in redldghould hae collided with the col-
lapsar At time ts, thestaris now farenoughaway from the collapsarandmoving atsucha
high speedhatit will justkeeponmoving. Thenetresultis thatthe starhasgainedagreat
deal of enagy out of navhere.

o0 ° ° ° () ° °
oty t ts ty t5 ts

FIGURE 17. The over step phenomenon

It is importantto notethatthis sameerrorcan(andusuallydoes)occurwhenastar
is moving around a collapsar or star on a sharply edipath. Also, the star may natig
so much engy that it shoots dfthe screen. Instead, it can end up mixing this added
enegy into the rest of the stars, causing all stars teentavard the edges of the screen.

Mathematically this is the result of trying to igtate @er the singularity when
the distance to the collapsar is zero, or a pole in the camfaee when the star is on a
curved path. The result is that the int@ref corvergence for the dylor series is violated.

Thereareseveralwaysof fixing this problem.Thecomputercouldtry andcheckto
seef astarmovedthroughary otherstaraftereachstep,but thiswould bevery hardto do
and it would be ery expensve. The computer could simply say that the stars collide at a
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fairly large distance, say around time step 3 in the@ltagram, and this is what XStar
currently does. Another optionowld be to use a ddrent ODE intgration method, such

as the Runge-tita method, that handles singularities better thus letting the collision dis-
tance be smalleLastly a “softening” &ctor can be applied to the system by adding a
smallconstanto thedistanceshatarecalculatedFor largedistanceshis haslittle, if any,
effect, but for casesvherethe particlesmight collide, this hasthe effect of turningthe par-
ticles into clouds which can pass through each other

1.5.5 Slingshot Effect

The sling shot ééct isnt an errorit is a real part of pfsics and it is has actually
beenusedby theinterplanetaryspacgrobes However, the slingshoteffectlookssomuch
like the @erstep phenomenon that it isry hard to tell the diérence without actually
watching the total engy levels of the star system.

This effect canhapperonly whenthereareat leastthreestarsinvolved. Whentwo
stars interact, the kinetic eggrthat is @ined wer the period of time when the stars are
moving closer together will alays be ractly matched by the kinetic eggrthat is lost
over the equialent time period when the stars areving avay from each othek\ith
threestars,it is possiblefor starsto convert someof the bindingenepgy betweernwo stars
into the kinetic engy of a third starThis often happens when stars pass close to each
other with onestargainingalot of enegy. Sincethisis the samegenerakituationthatthe
overstep phenomenon occurs in, it is easy to confuse the tw

The case of using the sling shdieet with an interplanetary probe can raak
good eample. In FIGURE 18., a space probe uses Jupitaitokinetic enegy after
being launched from Earth. At timg both the space probe and Jupiter are much more
attracted (bound) to the Sun thanytlage to each othefhe space probe, therefore,
followsaroughlyelliptical orbit avay from thesun.At timet,, thespaceprobehasslowed
enough that it is about to staalling back tevard the Sun. Heever, Jupiter is close by
andsotheprobestartsto “fall” toward Jupiterpicking up agreatdealof speedJupiter on
the other hand, is sied davn by a \ery tiny amount, and thus it will orbit the Sun in a
slightly smallercircle. Whenthe spaceprobepassesroundthefront of Jupiter it changes
directionandstartsto move away from boththe SunandJupiter Jupiteris still moreinflu-
encedby the Sunthanby the probesoit getspulledaway from the probe.Thus,thespace
probelosesdlesskinetic enegy while it is moving away from Jupiterthanit gainedwhile it
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wasmoving towardit. Without Jupiterbeingin theright place,the probedidn’t evenhave
enough engy for its orbit to reach Jupiters’ distance from the Sun. After the slingshot
effect, it nav has enough engy to leae the solar system.

Jupiter

FIGURE 18. An example of the dling shot effect

1.5.6 Program Bugs

Errors in implementing programs arevitable, lut it might be hoped that with
thorough testing, all serious programming errors can be eliminategveipthe nature
of theN-bodyproblemis suchthatit canbe surprisinglyhardto distinguishprogramming
bugs from the unaidable discretization and rounding errors. During the coursevef-de
oping XStay | found numerousuys that did not hee a significant impadf the step size
was small enough. As a result, moggb simply made agen ODE intgration method
appeato belessefficientthanit shouldbe. Thenumberof bugsthatwerefoundonly after
making \ery careful comparisons between the results of tlierdifit methods lead me to
believe that there probably still are some unkndugs in at least some of the ODE inte-
grationmethodsmplementedn XStar. Besideghe possibilityof unknavn bugs,thereare
even a fev known bugs that | heen't bothered to fix.

It is therefore important to realize that whemtiwtegration methods are com-
pared, the comparison is really between tmplementations of the methods withyan
numberof bugsin eitherone.Thiscomparisonthereforecant bethefinal judgeof which
method is bettemerely which implementation is better
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1.6 Speed-up Techniques

Sectionl.4.1onpage20discussesomeof thefactorsin evaluatingtheforcefunc-
tion f(), but there are a couple of simple changes that can be donentthe straight
forward O(n®) evaluation method. These changes caner@kignificant impneement in
thespeedf theprogram First, becaus¢heforcesbetweertwo starsarealwaysequaland
opposite, when the force is calculated for one #tarresult can be applied to both. This
cutsthecostin half, althoughit doesnt changet from beingO(n?). Secondlyatime step
valueof 1 canbeusedwhich,in mostmethodscausesll theh™sto dropout of thecalcu-
lations. Thirdly the graitational constan@ can be set to 1, &g a multiplication for
every evaluationf().

Onthesurface thesechangesnight seemto make XStarwork in someunrealuni-
verse where gkaty has a diferent strength i, under closer inspection, it can bewho
that this is not true. Thealue ofG is different in imperial units32 ft/s?) and in metric
(9.8 m/s?). Simply choosingtheright units of measurendtime canforce G to beequalto
one.XStarcanstill modelthe samephysicalsystemshis way, afterconvertingeverything
from normal units to these “special” units.

As outlined in Sectioi.3 on pagd7, the accuracof the ODE intgration
methodscanincreasear decreasetly changinghestepsizeh. With h now beingdefined
as 1, hwv can the accurgoof the system be changed? The answer is that if yok w
through the units o6 and its use in Neton’s formulas, it can be shm that to mak the
star m@ements twice as accurate, you must cut the speed of all the stars in half and
decrease the masses byetbr of 4. The smaller masses mean less acceleratiotineb
lower speedséep the stars from flying fof

1.7 TheError Term

Thefinal aspecbf solvingtheN-body ODE thatneeddo beconsidereds theerror
term that vas mention in Sectioh.3 on pagd 7. Recall that there are three basic parts of
the error term:

* some constant
* some pwer of h
* theevaluationof aderivative of f() atsomepointin thetimeinterval fromtto
t+h.
That is, the error term has the forfh= ¢ [h" Of (W(Q) where Z O (t...t +h) .

In Sectionl.6 on page7 it was said that the step size should be equal to one.
Since the constaitis often unknan, the dewative of the function isery hard to calcu-
lateandthetime ¢ isimpossibleto know, it appearshattheonly partof theerrortermthat
isknown ish, which is nav the constant 1. On the sack, this might seem to nakhe
error term meaningless or impossible to usetUnately this is only partially true.
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Let's look at the taylor seriexgansion agin. Recall that it is:

Xt +h) = x() + hf(x@) + = h2f (x(t)) + —h3f"(x(t)) +o+ n—l'hnf(n—l)(x(t))

E =

T 0Q)

2O (t...t+h)

Now whenO < h <1, each term of the taylor series gets smaller and smaller and
eventually conerge tavard zero. Whet > 1, the terms still corerge tavard zero

becauser% will decreaséasterthanh” will increasé. It might appeathatmoretermsof

the Taylor series wuld be required to get the same accyrhowever, for the N-body
problem, this is not true. A star wing at 1/2 mile per minutén€ 1/2) could also be con-
sidered to be mang at 30 miles per houh£30). Simply changing the units of measure
doesnt change the pfsical system. The nature of the force funcfigrcancels out gn
changes in choice &f (as long as theelocities and masses are changed accordingly).

So does this mean that the order of the method is meaningless? That it is just as
goodto useathird ordertaylor seriesexpansiorasit is to usea 7th orderAdam-Bashford
method2Vell, sometimedt is better sometimest isn’'t. Thecritical partsof theerrorterm
aretheconstan{whichis unknavn in somemethodskandthevalueof thederiative of f()
which is e/aluated at the unkmon time (. So, we cart’'say that one method isnalys
going to be better than another method in all circumstances.

We can, hwever, look at hev the error term changes as we change the step size.
Saywe have two methodspneof O(h?) andoneat O(h®). If we doublethe stepsize,then

the first method error term will change to l&,(2h) = 8c,h3x"(¢) while the other

method will hae E,(2h) = 16¢,h*x(4)(2). When rati E2N/E, (M) is evaluated, we
= . O—
2 2 E,(2h)/ E,(h)

see that it is equal to 2. So, the higher order metpibves faster than the laver order
method. This also means that it will gedrse faster as you decrease the accyrac

The Taylor series’ constant for the error term tends to be smaller than the other
methods, and the Rungaitfa’s method tends to i@ smaller error term constants than
the Adam-Bashfordr Adam-MoultonmethodsThusfor low accurag levels,thetaylor3
method is usually better than the ab7 method.

The last part of the error term, theakiation of the ¥ dervative off(), is also
important.Sometimeshisvaluewill bevery small,sometimest will belarge.Sometimes
it will cancel out the error from a prieus step, sometimes it will makhings verse. In

1. Consider the case wherezh. Thenh? will have 2h h's multiplied togetherbut 2h! will also hare 2h
numbers multiplied together and half of them will bgéartharh. This is about the point whent will be
larger tharh™ and thush™/n! will be less than one.
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Marciniak’s book(2:72), his 7th order Adam-Bashford methoa/g much verse results
thanhis4thorderAdam-Bashfordnethodin aparticularcaseln my testingl foundacase
where the 4th order Adam-Bashford method with an acgyraameter of one (i.e. the
commandxstar-m ab4-al’) gave muchbetterresultsthanthe 7th orderAdam-Bashford
method with the higher accusaparameter of -a 4. It als@ge better results than -m ab4
with the higher accurgmparameter -a 2. Q@iously, sometimes a method just gets hck
(or unlucky).

Onemorepointshouldbe madewhendeterminingwhich methodof integratingan
ODE might be betteEach time the derative off() is taken, a constant is pulled out due
to theinversesquaregoropertyof f(). Sothefirst derivative of f() causaheconstant2 to be
pulledout,thesecondierivative pulls outtheconstant3. The constanbf theerrortermof
a7thordermethodhasto bemultiplied by -9! = -362880.Thisis averylargeconstanthat
thehigherordermethodhasto over comeandoneof thereasonsvhy lower ordermethods
are more accurate whemler accurag parameter settings are used.

Theory of the N-Body Problem February 13, 2000 29



2.0 Types of N-body ODE Integration Methods

There are mandifferent methods that can be used to sthe diferential equa-
tionx"(t) = f(x(t)) and thus can be used to calculate theenwent of the stars. ®\hare
already mentioned some of them in passing, Esileeéthod and theaVlor series xpan-
sionin particular Therearealsomary othersandin this sectionafew of themwill besur-
veyed

In Sectionl.4.1 on pag@0, three areas offefiency were discussed, the first of
which was hav efficiently a system uses the results of the force fundé)o®sectionl.7
onpage27 discussedhow you cannot simply look atthe orderof a methodthatsolvesan
ODE to determinevhich methodis best.Any oneof thesemethodscould bethe mosteffi-
cient method, depending on the circumstances of the particular star system.

A word of cautionaboutthe methodslescribedn this sectionitheformulasaspre-
sented are usually playingdt and loose with notations and descriptions. In partjcular
they are usually presenting solutions to the equatiph = f(x(t)) as this is he these
formulas are normally presented in numerical analysis books, and also because it slightly
simplifiestheformulas.Cornvertingthesemethodsnto somethinghatcanbeusedto solve
the N-body ODE can sometimes be tyick

As was mentioned in Sectidn5.6 on pag@6, detecting programulgs can be
very hard to do. As arkample, | implemented the Runge#ta method (See 2.1.3) in
what | thought as the correct methodytin Marciniaks book(2), he implemented it
slightly differently Insteadof eachstepdependingnthe previousstep,hehadthesecond
step depend only on thelocity. The third step as then dependant on the first step and
thefourth andfinal stepwasdependandn thesecondstep.Marciniak’simplementatiorof
the Runge-Kitta method turns out to beny slightly more dicient than mine. So, be
careful if you try to implement an N-body program.

2.1 One Step Methods

TheEuler'smethodthe Taylor seriesandRunge-Kitta's methodsareall classified
as “one step methods” becauseythalculatex(t+h) using only the initial starting point
X(t) and consider only the time period frano t+h. They solve the intgration off() over
the entire eolution of the star system “one step” at a time. This is an important property
andothermethodssuchasthe multi-stepmethodspftenuseone-stepnethodgo build up
the “history” ofx values.(12:14,1:302,366)

2.1.1 Eulers Method (-m eulerl)

x(t+h) = x(t) + hf(x@)

E

1.
ShFQ)
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As we hae seen before (FIGURE 14.), this is the simplest methadhb error
termis only O(h?), makingthis methodonly O(h). Thus,this methodis only goodfor very
quick and dirty approximations.

Sources: (14:569,15:197:19:413-6)

2.1.2 Taylor Series (not implemented)

x(t+h) = x(t) + hf(x(t) + %hzf'(x(t)) ¥ Z%Bh?’f"(x(t)) Fo+ n—l!h”f(”—l)(x(t))

1
(n+1)!

hn* 1 (M(x(2))

We hare seen this one before too and, while in theory it carebeaccurate, it is
not \ery practical because it can bery hard to calculate the higher datives off(). It
shouldbe notedthatEuler’s formulais simply the Taylor seriestruncatedafterthe second
term.

Sources: (4:354-8,15:193,13:67-8,15:200-2,19:422-3)

2.1.3 Runge-Kitta’s Method (-m rk4)

Runge and Ktta deeloped their method by trying to create formulas that can
match the terms of theaylor’s series, bt without the use of higher deaitives off(). So,
they looked at equations in the form of:

X(t+h) = x(t) +ak; +ak, +azk; + ... +a.k,

Where
ky = hf(x(t))
k, = hf(x(t + byh) + b,k,)
ks = hf(x(t + byh) + byk,)

Ky»q = hE((t+b,h)+b k)

and the constants, a,, ...a, andby, b,, ...b, need to be determined.
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By usingsomeauxiliary equationsanunderdeterminedystem®f equation$ can
be found. Then, by choosing thalwes of a f& of the constanta, orb., the other con-
stantscanbesolvedfor. Somevaluesof theconstanthave betterpropertiegshanothersin
particular by using diferent combinations af; constants ank-terms, it is possible to
obtain two different Runge-Ktta formulas. As will be discussed in Sect&@ on
page4l, this has certain admtages.

The error term for Rungeta's method can be hardjtmot impossible to deter-
mine. It can be shen that the order of the error term isval/s going to be less than or
equal to the number &fterms and if there are more than flauerms, the order must be
strictly lessthanthenumberof k terms.So,usingfive k termscannotincreasehe orderof
themethod althoughit canreducethe constanin theerrorterm. Thus,usingfour k terms
is often the most &tient of the Runge-Ktta methods.

The most popular constants for tHB arder Runge-Ktta method yield:
x(t+h) = )+ :—é(kl + 2Kk, + 2Ky + k)

where:
k, = hf(x(t)
_ ho, 1, O
k = hf st + 55+ Ski
_ ho, 1, O
ks = hf o + 55+ Sko

K, = hf(x(t+h) +ky)

E = O(h%)

TheRunge-Kittamethodusesa seriesof Eulerlik e stepso createtrial pointsinto
theinterval thatis beingintegrated As is shavn in FIGURE 22., thefirst evaluationof f()
getstheslopeof the pathattime t andthis slopeis usedto getatrial evaluationatthemid
pointof theinterval. The secondevaluationof f() is usedto getadifferentevaluationatthe
mid point. The trial points arevadys talen at the location that is the result of starting at
X(t) and meing along the gien slope for the desired length of timeeBvhouglk, and
ks arebothtakenatthemid point, k, will have (in this example)a worseapproximatiorof

1. Alist of equations that has morariables (unkmans) than equations. When the system of equations is
underdetermined/ou will alwaysbefreeto pick (or beforcedto pick dependingn how you look atit) the
values for some of theaviables in order to find thealue of the rest of theaviables.
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the correct slope because it is aodf the true path. Né, ks is used to get a trialalua-
tion at the end point of the intexv Finally, all four slopes are combined to get the final
location.

‘\true path

\J/‘/ ko final location

X(t) ——

|
t t+h/2 th i

FIGURE 19. Graph of Runge-Kutta’s method

Rememberit is not important for the Rungetita method to hee k3 be more
accurate thaky,, or fork, to end up the most accurate. Nor can you just ta& trial
points at random spots or increase the number of trials aedtaresults impxe. The
purposeof usingtheseparticularspotsis sothatwhenall four evaluationsof f() areadded
together(with theright weightings) partsof theerrortermsof eachstepcanceleachother
out and the final result has an error term of a higher order than thieliadiEuler steps.

Theproblemwith Runge-Kittamethodss thatthey requireseveral evaluationsof
f(), which in our case isery expensve. To offset this &pense the Rungetita method
must be at least four times as accurate. X¥Star this turns out to not be the case when
compared to the multi-step methods.

Sources: (15:202-3,4:362-6,14:569-72,1:366-80,12:59-60)
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2.2 Multi-step Methods

Multi-step methods use the preus \alues ofx to help determine the future
values. Ier XStar in particulgrit seems a @aste to just ignore the incredibly long history
of star locations.

Oneof thedisadwantage®f the of themulti-stepmethodss thatthey requiresome
sort of one-step method to get them starteoks@/ the “getting started” phase is not
limited to justthefirst time thatthe starsarecreatedput alsowhenstarscollide or bounce.
So, bouncing star systems that use multi-step methods are often using the one-step “start-
ing” method for a significant percentage of the time.

Another disadantage is that the history of locations aetbeities can ta&kup a
gratedealof spacelnsteadof justkeepingthe currentandnext values multi-stepmethods
often need to &ep 2-4 times as much information. Wheorking with a \ery lage
number of stars, this can meathe diference between being able to fiegything in
memory and haing to page parts of the storage to disk.

2.2.1 Modified Taylor Series Method (-m taylor3)

This method will not be found in girbooks, it is an ad hoc method that | created
early in the deelopment of XStarBefore | had een really loolked into the books on
solving this kind of diferential equation, | kive that | could use the prmus \alues to
help out. An early ersion of XStarversion 1.1.0, used the formula:

X(t+h) = x(t) + hv(t) + %hzf(x(t)) ¥ :—éh?’f'(x(t))

But thef'(x(t)) term is &pensve to calculate, so itas approximation by:

f1(t) = a(t) = a(t) — a(t — h)

Simply adding this approximation made a dramatic irmg@neent in the werstep
problem when stars passed close togeffie® reason for this igifly apparent: when an
overstepoccurs theacceleratiorgoesfrom beingalarge positve numberto beingafairly
large ngative numberThe diference is going to be &y lage ngative numberThis
dramatically reduces the amount of gyethat is @ined. The result looks kkthe star
‘just missed’ the collapsar

One of my ngt thoughts \as to try and approximaftgt) even closer by using
additional terms. This is typically done by taking theddive of the Lagrange polyno-
mial. The Lagrange polynomidl(t), is the &irly straight forvard polynomial that
matches a gen set of outputalues for a gien set of g@lues oft. Between those selected
times, havever, the \alues of the Lagrange polynomial can fluctuate widehe more
termsthatthe Lagrangepolynomialhas,themoreit canfluctuate Thus,whenyoutakethe
derivative of the Lagrange polynomial, the result can gaise with additional terms.
(2:157-62,4:295-8,15:97,13:313)

Types of N-body ODE Inggration Methods February 13, 2000 34



| tried using the Lagrange polynomial of order 2 (i.e. thevalbormula), 3 and 4.
The results were clearly the best for the 3rd ordevatare.

2.2.2 Adam-Bashérd’s Method (-m ab7 and -m ab4)

The Adam-Bashfordnethodusesarny numberof previousvaluesto helpcalculate
thenext valueof X'(t) = f(x(t)). Thismethodhasformsof any order but they areall in the
form of:

x(t+h) = x(t) + F[alf(x(t)) —a,f(x(t—h)) + agf (x(t —2h)) — ...]

Wherer, a4, a5 ..., a,, are constants.

At first glance jt mightappeathattheseformula’s would suffer the sameproblem
that adding more terms to the detive of the Lagrange polynomial $eifed from,
namely the results wuld get vorse with additional terms. After all, wanuch \alue is
knowing the position from a long time ago really going to help? Some of the results in
Marciniak’s book seemed to confirm this suspicion (see page @&8j,tbrns out that the
formulas do not get @rse with additional terms. There doeswkeer, get to be a point
where the rounding error starts to getrsge, so for practical reasons, the Adam-Bashford
methods are normally limited to around the 7th arder

In fact,the 7th orderAdam-Bashfordormulais the default for XStarbecausét is
the most dicient N-body ODE intgration method for the dedilt level of accurag. The
high quality results that XStar gets from the Adam-Bashford method issd@nhsurpris-
ing considering hw little coverage most numerical analysis booksegt. Seeral dont
coverit atall, otherscover it only aspartof predictorcorrectormethodqdiscussedhext).
Theresultsshovn in Marciniak’s bookdo notlook very promisingeither Still, for XStar,
both the 4th order and the 7th order methods consistentlgdaaky high in terms of
being the “best” method as defined in Secfichon page0.

Sources: (1:343-6,12:61,4:373-6,13:315,15:210-1)

2.3 Predictor-Corr ector Methods

PredictorCorrectormethodausetheideathatonceyou have anapproximatesalue
at a gven time, there might beays of impreing this estimate. Predict@orrector
methods seem to @ a lot of folklore associated with them. It is possible to call the cor-
rectormethodseveraltimes,but folklore hasit thatthisis usuallynotworthwhile. Also, it
is possible to hae a predictor and a corrector withfdient orders, Wt the folklore says
that the corrector should be equal to or only one order higher than the prétistalso
saidthatpredictorandcorrectorformulasusuallyhave “the sameform”, althoughit is not
clear exactly what is meant by that.4:589-592,4:380)
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Accordingto mostof thebooks,PredictorCorrectorformulasarenow passeNow
a days people use either Rungetid’'s or Gragg-Bulirsch-Stoer’'methods. On the other
hand, the books imply that the straight multi-step formulas were made obsolete by predic-
tor-corrector methods, and I didriind this to be true.

2.3.1 Modified Euler's Method (not implemented)

Euler's methodassumeshattheacceleratiorattimet is agoodapproximatiorfor
the acceleration for the entire intarfromt to t+h. A better approximation auld be the
average of the acceleration at titn@nd at time+h. This can be done by using Euger’
method to predict thealue ofx(t+h) and then correcting it as folis:

y = x(t) + hf(x()

Xt +h) = x(t) + th (v) +2f (x(t))E

E = O(hd)

This methodimprovesEuler's methodfrom afirst orderto a secondrderformula
at the cost of one additionalauation off(). While this is an impneement, it is still too
low of an order to be useful.

X fiy)

~__ Predicted location

!

corrected location

true path

x(t)

f(x(t))
i +h i

FIGURE 20. Graph of the Modified Euler's method

Sources: (13:70,15:207,19:417-8)
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2.3.2 Adam-Moulton’s Method (-m am7)

The Adam-Moultors method is similar to the Adam-Bashford methecket the
formula uses the futureaiuef (x(t + h)), instead of just pkeous \alues off(). To get this
initial estimate of (x(t + h)), we use the Adam-Bashford formula as a predietod then
use the Adam-Moulton formula to correct it. So the method has this form:

y = x(t) + ?[alf(x(t)) —a, f(x(t—h)) + agf(x(t—2h)) —...]

X(t+h) = x(t) + g[blf(y) + b, f(x(1)) —bg f(x(t—=h)) +...]

Wherer, s, &, ..., 8, by, ..., b, are constants

Sources: (14:590,12:62-3,4:382-4,1:346-8)

2.4 Other formulas (Mid-point method) (none are implemented)

There turns out to be mawther formulas of the form:
X(t+h) = a;x(t+n)+axt+n,y)+...+ g[blf(x(t +my)) + b, f(x(t+my)) +...]

wherethen’sandm’'s mayreferenceeitherinto thefutureor into the past.Severalof these
have interesting properties.

For example, the formula:

xt+h) = %x(t —h)+ %x(t —2h) + 7%(191f(x(t)) —107f (x(t — h)) + 109f (x(t — 2h)) — 25f (x(t — 3h)))

= 107 5¢(5)
E= 2160h Q)
This formula is similar to the Adam-Bashford formulas;ept that it uses the pfieus

positions as well as the pieus \elocities and as a result it has a smaller error term.
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One of the more useful formula is the mid-point formula:
X(t+h) = x(t—h) +2hf(x(t))

E = h*1OQ)

This formula is no morexpensve to calculate than Eulsrimethod, bt it is ofO(hz)
instead ofO(h). The mid-point method is named because it is saying that a good estimate
for the arerage acceleration is at the middle of the time period.

f(x(t)) f(x(t+2h) ‘\true path

O — f(x(t+h))

| ! |
t-h t t+h  t+2h t+3h t

FIGURE 21. Graph of the Mid-Point method

The davn side of the mid-point formula is that it is n@ry stable. The locations
of the even time period¢t, t+2h, t+4h) depend only on the otheven time periods and
they are only loosely coupled with the odd time periods via the stofEse same is true
for the odd time periods.) So, it is easy for the time periods to get out of sync and for the
even and odd time period points to startving along totally separate path®rkhis
reason, it is not recommended to use the mid-point method fayearlamber of steps.

Sources: (1:320-5,4:375-6,14:580)

2.5 The Gragg-Bulirsch-Stoer Method (-m gpemce8)

The Gragg-Bulirsch-Stoer method is literally in a class by itself and seems to be
the currentdvorite for solving this type of dérential equation.

The basic idea behind this method is that as the step size is decreased, the answer
should become more accurate. If ggaimtenal H is talen and a ariety of smaller step
sizes are usedver that interal, then you will get aariety of diferent answersui the
answers should cearge tavard the correct outcome as the step size gets sn{Slésr
FIGURE 22.) V&ll, why not tale these carerging answers and create a polynomial

1. This method is also kmm as the “leapfrog” method because of tlas/\varen and odd time periods leap-
frog over each other
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approximation of the answers as a function of the step size? Then the magic step size of
h=0 can be put into this polynomial, and the result should ¥yagood approximation

of the answer as if no discretization hadrebeen done. (In FIGURE 23., the polynomial

is shavn as a function of the number of steps, to male it a function of the step size is
fairly straight forvard.) This same basic idea is also used in Rogibertegration, and

the whole idea @as pioneered by Richardson with his idea etra&polating to the limit.

X true path

|
t t+H t

FIGURE 22. Results of using smaller step sizes

{x value for an infinite number of steps

\polynomial approximation

12 4 8 Number
of steps

FIGURE 23. Polynomial approximation of x based on step size

The lage step size H can be sogarthat the results from usingen the lagest
number of steps (8 in our@mple) does not lva to be ery accurate. When all the trial
movementsarecombinedo form the polynomialapproximationtheendresultwill bean
extremely accurate method. Seee though each mement of step size H requires a
large number ofvaaluations of the force functid), it is still much more dicient that
most other methods. It can also be made to be much more accurate than glrathetran
method because the final result does ndesfrfom the rounding errors thabwid be
created by using incredibly girsteps in other methodsoRhis reason, the Gragg-Bulir-
sch-Stoemethodis clearlythe bestmethodwhenextremelyaccuratecalculationanustbe
done.
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There seeral pieces to making the Gragg-Bulirsch-Stoer methardk:w

First, Richardsors ideathatthefinal answercanbethoughtof asafunctionof the
step size and this function can be usedtmapolate to what the answepuld be if step
size vas zero.

Secondly Gragg figured out that the mid-point method mentionedegtsightly
reworked, has error terms that has onkg pavers ofh. By careful manipulation when
creating the polynomial approximation, it is possible to cancel aubtaders of the error
term at a time.

Thirdly, BulirschandStoerfiguredoutthatusingrationalapproximatiorinsteadof
Graggs polynomial approximation alleed you to break the limits of ceergence of the
taylor series around singularities and poles in the coogéen. The also figured out a
good method of decreasing the step size (the Bulirsch sequence).

Lastly, Marciniak's method also implements a method of “Discrete Mechanics”.
Thatis, this particularimplementatioririesto keepthe constant®f motionconstantatthe
expense of keping the positions an@éhocities close to thexact answerSince it is often
impossibleto tell whatthe exactanswershouldbe, having the systemat leastbehae well
in other respects can bery useful.

Combiningall thesethingstogethetyieldsavery accurateyery fastandvery com-
plicatedmethod.lt is socomplicatedn fact,thatthisis theonly methodthat! didn’t write
thecodefor myself.Instead usedthe examplecodeout of Marciniak’s book, fixedafew
bugs and made avietweaks. The only problem is that Marciniak only implemented
Graggs methodof polynomialextrapolationinsteadof usingrationalextrapolation When
XStaruseghis methodandtwo starspassclosetogetheythe combineduseof polynomial
approximatiorandthediscretemechanicgangive spectacularlyvrongresults.Try ‘xstar
-m gpemce8 -a .25’ sometime...

Sources: (14:582-8,12:121-4,129-30)
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3.0 Variable Step Size N-Body ODE Integration Methods

The second area offiefiengy that was discussed in Sectidm.1 on pag20 was
that you dort have to select equally spaced points in timeval@ate the force function
f(). As was seen in Sectidh2.3 on pag&0, the force functiof() has periods when it is
changing ery rapidly and periods when it ieny smooth. The system needs the most
accurag when a star is making a sharp aiaround another stand it needs the least
accurag when a star is sldy moving off in a fairly straight line.

Many of the ODE intgration methods, the Rungeaifa method and the Gragg-
Bulirsch- Stoer method in particujaran estimate the accuyaaf the results that tlyeare
returning and it is possible toveathem adjust the step size accordingly

Thekey to creatinga variablestepsize ODE integrationmethodis to find abound
ontheerrorterm.If theerrortermis toolarge,thenyou needto decreas¢éhe stepsize.On
the other hand, if the error term is too small, then you should be able to increase the step
size without causing grserious problems. The CPU time yowesaan be used when a
small step size is really needed.

The major problem withariable step size methods in XStar is thay tieed to
have the smallest step size, and thus ruwstowhen the stars are actually wrg the
fastest. If you implemented anable step size method and didihd arything to counter-
act this, you wuld see stars “slodowvn” as thg approached collapsars and “speed up”
when thg are &ir avay from them. Br this reason, noariable step size methods were
considered for XStar

Anotherconsideratiorwhenusingvariablestepsizemethodss thatthe mostwell
known implementations decrease the step size for all stars in the systemeaany of
the of the stars need greater accyrsi¢hen there isven a moderately lge number of
stars,sayaround20-40,therewill almostalwaysbeatleastonestarthatneedsasmallstep
size.Implementingseparatetepsizesfor eachstarcanbe complicatedbecausegou cant
update the locationsélocities all at once. Some stars maeed to be updated man
timesbeforesomeotherstargetsupdatednce,anduntil a starhasbeenmovedyou cant
calculate the force function.

One method of getting around the problem of all stars not being updated at the
same time is to create a polynomial approximation of the path grtthayou need to
find the location of a stayou evaluate this polynomiatio:6) In order to create this poly-
nomial, a history of prgous locations must beept. This history can then be used in
multi-stepODE integrationmethodsNormally themulti-stepformulasaremuchharderto
corvert into a ariable step size method due to their requiremengéepikg history infor-
mation, lut when each star hassitiwn step size, this is no longer as much of a handycap.

Caremustbetakennotto try andmake thelower boundof theerrortoo small. The
computer can alays malk the error &lue equal to zero by making the step size so small,
that the stars an’t move at all. Instead of using a globaiMer bound on the erroit is
often better to makit relatve to the size ofelocity, or some other figble formula.
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3.1 Method of Changing the Step Size

Aswasshown in thediscussiorof the Gragg-Bulirsch-Storenethodin Section2.5
on page38, decreasing the step size generally increases the acobithe result. The
basicideais you cantake justaboutany methoddiscussedh section2.0andevaluateeach
intenval twice, once with a step sizelgfand once with a step size2hf. The diference
between the answers cangus an estimate of the error term.

While it mightseemawfully expensveto evaluateeachintenval twice, justto seeif
step size needs to be changed, there asraamitigating factors that makthis method
very practical .First, ashasalreadybeenmentionedthe sasingsyou getby makingavery
large step size when the stars are making smooth paths can pay for avéohebd. Sec-
ondly, theinitial evaluationof f() canbe usedfor boththe movementwith stepsize2h and
for the first half of the tw steps of sizé. Lastly you can usually takthe results of the
error estimate and use it as a correctawidr and come up with an answer that is more
accurate than either of theawrial morements.

3.2 Method of Changing Orders

Many methods, such as the Rungatta and the Adam-Bashford methods, can
have implementation®f almostarny orderyou couldwant. Anotherway of estimatinghe
error is to tak a me@ement step once with a method@(h?® and once with the same
methodonly usinganorderof O(n®" 1). Like themethodof changingstepsizes thediffer-
ence between thesedwteps can ge you an estimate of the error for that step.

The multi-step formulas are particularly applicable to this method since all you
have to do is kep a slightly longer history of the starvements, no additionalalua-
tions off() are required. The cdefients to the multi-step formulas aggrfy easy to cal-
culate and you carven create a table of them aratythe order of the formula as you
change the step size.

The Runge-Kitta is harder to makeficient, kut by carefully selecting the points
that are probed, it is often possible to finalyw of combining terms in different ways
to give two differentorders Fehlbeg foundsix k-termsthatcould be evaluatedwo differ-
ent ways, one gies a ¥ order method and the otheves a § order method. &fner
created a set of 8 k-terms that create¥ and 6" order pair

3.3 Method of Changing the ODE Integration Method

By using two different ODE intgration methods with diérent error terms, you
can also get an estimate of the erA® an @ample, the Euler method and the Mid-point
method can both bevaluated at the same point withouvimeg to evaluate the force func-
tion an additional time. Comparing the results wilMegyou an estimate of the error term.
A more useful gample is with the predictarorrector methods. The tBfence in the
results between the predictor and the corrector can alsygu an estimate of the error
term.
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3.4 Method of Internal Checking

Since the Runge-ita method tads sgeral trial points into the future, it is possi-
bleto getacrudeestimateof theerrorby looking atthedifferencedetweertheevaluation

of f() at these points.df the standard@order Runge-Ktta method, one referenge)
ky —ks

ki =Kz

states tha < 0.02 is a good estimate for when to change the step size.

For the Gragg-Bulirsch-Stoemethod it is commonto keepincreasinghenumber
of steps until a good rational approximation can be obtained.
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4.0 Efficient Force Function Ewaluation Methods

When there are lge number of stars, theaduation off() can be ery time con-
suming. If the formula in Sectich3 on pagd.7 is implemented in the wlous fashion,
for each starthe distance tovery star must be found, a process thagsabn the order of
n? operations. This particular method @hkiating the force function is knm as a Brti-
cle-Particlemethodbecauseachstaris treatedasa particleandit is checledagainstother
stars (particles). If you ka say 100 stars, then there will be 10akiations of the force
function f(), each of which will hae 99 terms that wolve the &pensve operations of
division and taking a square roobrFXstar with a system of 100 stars, talaation of
the force function will account for wellver 75% of the CPU time used. The gnation
taking up around 10% and all the other hoesglkng and display code taking up the last
15% of the CPU. Ean for the dedult configuration of only 15 stars, theakiation of the
force method accounts for almost half of all CPU time usedother N-body programs
that hae to ealuate thousands oven millions of bodies, this method ofaduating the
force function is almost completely useless.

Because the Bfient evaluation of the force functioff) is so critical for most N-
body programs, this has beeneayactve area of research in the last 15 years. There are
mary different approachesubso fir there doeshseem to be gnparticular method that
has become the cleavbrite among the N-body research communitile there is also
a wide \ariety of ODE intgration methods, tlyeat least hee well knavn trade-ofs and
areaf strengthsThetrade-ofs amongtheforce evaluationmethodsdo not appeato be
as well knavn.

The list of methods ofvaluating the force function contains nyaexotic names,
such asis)
* Particle-Rarticle
* Particle-Mesh
* Particle-Rarticle/Rarticle-Mesh
» Tree-Code @p Dowvn
» Tree-Code Bottom up
* Fast-Multipole-Method
» Tree-Code Brticle-Mesh
 Self-Consistent Field
» Symplectic Method
Since this is still an area of agtiresearch, this document will not try teeya
completeoverview of this area.lnstead afew techniquesvill bediscusse@ndinterested

readerareencouragetb readtheinternetdocumenttp://ftp.amara.com/papers/nbotkt
(8) which is a ery good starting point for finding more information in this area.
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4.1 Floating Point Rounding Errorsand the Force Function

In Sectionl.3 on pagd7, there were tartypes of errors that were mentioned.
First, there is the discretization error and the minimization of that ea®thve chief
concern of Sections 2.0 and 3.0. The other type of error timtnventioned as floating
point rounding errors,ui it was noted that as long as the step siae mot gtreemly
small, that this s not a primary concern. In theatiation of the force function, this is
not the case and thefedts of rounding errors can be quite pronouncediliis reason, a
brief discussion of the cause antkets of rounding errors is in order

Internally, computers &ep floating point (non-inggal) numbers in a format that
has a fied number of significant digits, while the decimal point can float to the left or
right. Most modern computers carnvbat least 15 significant digitsytofor easy of illus-
tration,let usassumehatthe computercanonly store4 significantdigits. So,we canhave
numbers such as 3.141, 100, 0.0000456, and 1E#9%ebcant have numbers such as
3.1415,100.01,0r 0.000045678Whenthecomputeraddstwo numberdogetheyoftenthe
resulthasmorethan4 significantdigits. In orderto storeresult,it is necessaryo roundthe
result to 4 significant digits.

As an eample, say the computer has to add 3.141 to 100.X&wot eesult wuld
be 103.141, Wt that has 6 significant digits. The computewd then round the result to
be just 103.1, losing the 0.041 from the result. It may not bi®od, lut this means that
addition is no longer associative. Say the computer was to calculate 0.05 + 3.141 + 100.
If the computer adds the first two numbers together, it will get 3.191 and then when
100 is added to this result, the computer will end up with 103.2. On the other hand, if the
computeradds3.141and100togetheffirst andgetstheresultof 103.1,whenit triesto add
the0.05 to this numbertheresultwill still be109.1.Theadditionof 0.05 hadno effect
at all.

For the @aluation off(), the lack of associativity of addition and the inverse
squarenatureof eachtermof f() interactvery badly Saythereis abinarystarsystemnear
the edge of aaJaxy (a common occurrence). The force between thestars in the
systemwill beverylarge,but all thestarsin thecenterof thegalaxyor ontheothersideof
the aalaxy will each hee a \ery small efiect. When the computer is adding together the
terms in the force function, if it adds together the force from the other binary star first, all
theotherstarsin thegalaxymay, individually, notbesignificantenoughto changehefinal
force. The result wuld be that the binary star systeroul act as if it vas not in the
galaxy at all and just drift 6fOn the other hand, if the other binary star is added in last,
the result will be much more accurate:s-6)

A secondypeof problemwith roundingcanoccurwhentwo numberf opposite
signs are added togeth#rthere are tw numbers which arexactly represented by
8.1414926and-8.1413867thecomputemwill haveto representhnemas8.141and-8.141.

If you add these tavnumbers togethgethe exact result should be 0.001059 which can be
exactly represented with 4 digitsytathe computer will calculate the result as being zero.
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As a general rule, if the computer has to add up a long list of numbers, the pro-
grammer should maksure that the numbers with the smallest absobltes\are added
together first. There shouldride a running totaldpt, instead when twnumbers are
addedogethertheresultshouldjust be put backinto thelist andthetwo numbersshould
be deleted. The computer should then try to add tkietwwe smallest numbers together
and the process repeats until there is just one number left in the list.

The result is thatwen the “simple” particle-particlevaluation method must be
mademorecomplicatedhanit mightbefirst expectedo be. This additionalsortingof the
terms in the waluation of the force functionauld male the Rrticle-Farticle method an

O(n2logn) method Mostof themoresophisticated@valuationmethodsio somethingakin

to asortonthestarsandendup addingtheforcesin suchaway thattheseroundingerrors
are reduced, although thdo that more for reasons ofiefency than for accurac

4.2 Distant Stars Can Be Grouped Together

Consider the case shio in FIGURE 24., instead of calculating the force to each
starin adistantclusterof stars,it is muchmoreefficientto calculatethe centerof massof
the cluster and apply the force function to the center of mass. Since the calculation of the
center of mass only requires summing the positions and masses, antl reoesE the
expensve division andsquareroot evaluation,this cansave alot of CPUtime. It cansare
evenmoreif this samecenterof massnformationcanbe usedfor otherstarsthatarealso
a long vays avay from the cluster

[ ] ° o
. . *ile
Star cm ¢ .
d o
Center of Mass

FIGURE 24. A Star and adistant cluster of stars

Replacingheclusterof starswith justthe centerof masss only anapproximation
though, a certain amount of error will be created by doing this. The more distant the
clusterandthe moretightly pacledtheclusteris, thelesstheerrorwill be.Decidingwhat
should be considered “distant” andahtightly paclet a set of stars is before it is consid-
ered a cluster areewy important details that must be considered lyyraethod that uses
this technique. The error created by cluster the stars isrdmahefset by the reduced
roundingerror, soit is possiblethatthis techniquecanactuallyincreaseheaccurag of f().

Sources: (18:4-6)
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4.3 Closely Packed Stars Can Be Moved at the Same Time

The opposite of the situation discussed in Section 4.2 is also an important special

case. In FIGURE 25., we ¥)\aa binary star system and/erl distant stars.df a star in
thebinarystarsystemtheforcefunctionwill bedominatedy theotherstarandtheeffect
of the other stars on the binary stariovement will be ngligible. These tw stars will
justmovein aKepler(elliptical) orbit, but they will requireavery smallstepsizebecause
they are orbiting so quickly (compare to othervaments). Instead of calculate the force
functionfor thesewo starsindividually, we canreplacethesewo starswith their centerof
massandmove the centerof massalong.Whenthesetwo starsgetcloseenougho athird
starto startmakinga differencethe pointalongthe Keplerorbit canbe calculatecandthe
two stars can be brek apart agin.

Binary Star

FIGURE 25. Binary star system and several distant stars

It isn’t just binary stars that we can nea& special case of. &w if two stars are
moving too quickly to orbit oneanotherandarejust makinga closepasswe cancalculate
the pathalongthe conicsectionover arelatively largetime step.No methodof evaluating
the force function can badter than these cases where the force functianeis e/alu-
ated.

Even 3 or 4 tightly padd stars can be considered as a special cas@,Alge
group of stars can be replaced by their center of mass for the purposesngf the
group, and the indidual paths inside the group can be calculated by the siraptiiele-
Particle method. While this is @D(n?) operation, becauseis so small, this is actually
more eficient than other methods anddps the errors caused by making simplifying
assumptions from becoming toodar

Sources: (10:6,8,18:6)
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4.4 Replace the Brce Functions Wth a Potential Mesh

Instead of calculating the force that each star places on each othielis{awssi-
ble to calculate the force field that each star generates and apply this field tod¢hseuni
Thisis generallydoneby having all starsapplytheir masses$o the meshpointsin orderto
create a mass density function. The potential of the eachduodl star can be calculated
by interpolatingalongthe meshpoints.By takingthe gradientof this potentialwe canget
the direction that is “den hill” from the star and also find twosteep the “hill” is. This
result is equialent to the results of calculating the force function.

FIGURE 26. Applying a star’s potential to mesh points

Thismethodreplaceshecalculationramongevery pair of particleswith calculating
the gotential at manmesh points. This changes thaleation method from being an
O(n“) method to ar®(n Ch) method, wherg is the number of mesh points. Due to the
othercalculationanvolvedwith this method,usinga meshis only usefulif the numberof
meshpointsthatyou mustapplythestarto is substantialljessthanthe numberof starsin
the system. Since grigy is a \ery long range force, we end up/hmy to apply the star to
eachmeshpointin theuniverse Otherforces,suchaselectricor magnetiadipolesor short
ranged forces such as the nuclear forces taconsider only the mesh points that are
within a certain range of the bady

The accurag of this method is ery dependant on the number of mesh points, b
the more mesh points used means more memory must be used. Since this method also
spreads the bodyforce @er an area, this method does netgiery accurate results
whentwo objectsareclosetogetherFinally, themathinvolvedin this methodtendsto get
quitedeept is hardto find formulasthatcanstorethepotentialinformationand alsohave
the gradient tadnand also be accuratend also be quick towaluate.
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For thecaseof thegravitationalN-bodyproblemiit is possibleto nothave to apply
the star to each mesh point ae®y step. Instead, only the nearest mesh points need to be
updatecevery time, theonesthatarefurtheraway canbe updatedessoften. Thisis some-
what analogous to the discussion in Secficdhon pagd7.

Sources: (8:3-4,6:1-10)

4.5 Creating Tree Structures For Evaluating the Force Function

The techniques described in Sections 4.2 and 4.3 can be applied in a hierarchial
“tree” fashion. There are mbasic approaches, namely bottom up and tegdcees.
Using either method, it is possible to create an force functaiiaion method that is
O(nlogn) instead ofO(n?), a significant impreement. The nodes in the trees are also
prime locations to store information needed to implemarialile step size ODE irgea-
tion methods that va different step sizes for ddrent stars. There are actuallyeel
variations of each of these types of trees, dependingwmetactly the splitting and
joining is carried out. The foll@ing are just typical>amples.

Bottom up trees can baiift by taking indvidual stars that are close together and
replacing them with their centers of mass, and then taking the centers of mass and group-
ing them togethefThis process is repeated until only the center of mass of the entire
system is left. The force function can waleated for indridual stars by tngersing the
treeandif aparticularbranchof thetreeis “distant”, we canjustusethatparticularnodes
center of mass.

e = Star
o = Center of mass
— = Tree branches

FIGURE 27. Bottom up tree for evaluating the force function
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Top down treesarecreatedy takingspaceandsplitting it into regions(4 for the 2-
D case, 8 for 3-D). If a ggon has more than one staiis further sub-diided until each
region containsonly onestar Then,working backup thetree,the centersof masdor each
region is calculated. The dérent rggions of space are typically numbered with a special
method called “oct codes” so that it is easier to find whiglores are close to each other

FIGURE 28. Top down treefor evaluating the force function
Sources: (18:13-15,8:5-7,5:4-8,6:11-16)

4.6 Hybrid Force Evaluation Methods

Due to the principle of superposition, it is possible to break the force wetate
parts, such as:

f(x(t)) = near_forcet far_force+ external_force

It is then possible to use afdifent method to calculate each component of the foare. F
example, a mesh method could be used to creatattierte and if you maksure the
mesh is lage enough so that there are substantiallyefemesh points than bodies, then
youwill have anO(n) routineto calculatethe bulk of the stars.For mediumrangebodies,
one of the tree methods could be usedngianO(nlogn) method for the Wk of the
remaining bodies. When there are small clusters of only 3-6 bodies, the sartpikeP
Particle method could be used. Finaligr close passes and binary systenmepl&r orbits
can be used.

By using seeral of these methods, it is possible to create a system that is substan-
tially fasterandmoreaccurateéhanarny onemethodcouldpossiblybe.While | know of no
implementatiorthatusesall of thesemethodsmostof the currentresearchmethodsseem
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to use at least tw The trick is to find combinations thaowk well togetherwhere vork
ononemethodcanbereusedor anotheyor theeffectsof starscanbeeasilybrokenoutso
that the arent counted twice.
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5.0 Analysisof the ODE Integration Methods

According to may books on numerical analysis, the multi-step Adam-Bashford
method shouldih’even be in the running for the best method, and my taylor3 method
shouldbeaignored.After all, the Adam-Bashfordnethodisn’t evenassophisticatedsa
predictorcorrectormethodandthe Taylor seriess rarelytalkedaboutexceptfor its useas
a fundamental theory

A typicalexampleof theseopinionscanbefoundin thehighly regardedNumerical
Recipesin C which has these comments on the subject:

Runge-Kutta succeeds virtuallyahys; lut it is not
usually istest. Predicterorrector methods, since thase
past information, are sombat more dificult to start up,
but, for mary smooth problems, tgeare computationally
more eficient than Runge-Htta. In recent years Bulirsch-
Stoer has been replacing predietorrector in may appli-
cations,... it appearshatonly rathersophisticategbredictor
corrector routines are competdi(14:568)

[ ThestraightAdam-Bashforanethodcanhardlybeconsideredh “sophisticated”
method... ]

The techniques described in this section [Bulirsch-
Stoer] are not for diérential equations containing non-
smooth functions. ... A seconcaming is that the tech-
niques in this section are not particularly good foledén-
tial equations which ha& singular pointsnside the interal
of integration.(14:582)

We suspecthatpredictorcorrectorintegratorshave
had their dayand that thg are no longer the method of
choice for most problems in ODEsorFhigh-precision
applications, or applications whereatuations of the right
hand sides arexpensve, Bulirsch-Stoer dominatesoi-
corvenience, or for kv-precision, adapte-step size
Runge-Kitta dominates. Predicteorrector methods ke
been, we think, squeezed out in the middle. There is possi-
bly only one &ceptional case: high-precision solution of
very smooth equations wittexy complicated right-hand
sides, as we will describe la{g4:589)
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Our predictionis that,asextrapolationrmethoddik e
Bulirsch-Stoer continue toagn sophistication, thyewill
eventually beat out PC methods in all applications. aké
willing, however, to be corrected.(14:592)

Let's look at the properties of our particular problem. First, vh&uation of the
right-hand side, i.€(), isvery expensve, even if a fast force ealuation method is used.
The star system mrement is normally @y smooth, bt it can also hae singularities or
poles in the compleplane when stars pass close to each oflier ODE intgration rou-
tines need to be accurateitlsince the results are just used toandpactures, ery high
accurag is not really required. All that is required is that it has to be accurate enough to
avoid the vorst of the meement errors.

Another atypical property of our star senent problem is that the smaller the
step size is, the less a ‘near collision’ looke l&singularity and the more it looksdik
smooth path. This is because the stars tend t@ mund each other so the point of the
singularity (i.e., the other star) tends tova@ut of the \ay. Thus, by using a simpler
method such as the Adam-Bashford method which requires/asmooth function, you
can malk the step size smaller and get a smooth function. If a mpemsve method,
such as the Gragg-Bulirsch-Steeis used, a much & step size must be used and thus
you get the singularities that it cahiandle.
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The following two graphs, FIGURE 29. and FIGURE 30., show the x-axis compo-
nent of the acceleration vector as a star makes a close pass to a collapsar. Thetimet=0is
arbitrarily chosen as the time when the star is the closest to the collapsar.

f(x(1)

FIGURE 29. Graph of f() with alarge step size.

Note the apparent singularity at t=0.

f(x(®)

FIGURE 30. Graph of f() with a small step size.

Note that f() now looks like a continuous
function and has smaller peaks.
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Thepredictorcorrectormethodsseemedo beslightly worsethanthe Adam-Bash-
ford method. Thedct thatf() has to bewaluated twice per step, and thus the predictor
corrector methods need twice the step size, seems to cancels out thvedhgoror term.
Apparently it is more important to Y@ a smaller step size and thus méhe function
appear smoother than it is tovieaa more accurateyblamger step.

The Runge-Kitta method is hampered because it has ®trék steps into the
future,but the movementof the starschange$iow the gravitationalforcefield will ook in
thefuture.So,therk4 methodhasto notonly calculatef() four times, it alsohasto dofour
trial starmovementsywhicharenotgoingto becompletelyaccurateandis moreexpensve
for the N-body problem than maiether ODEs.

The taylor3 method that | deloped is good at Vo accurag levels because its
error term has aery small constant. It also, bystery structure, tends to cancel out the
effectsof the overstepphenomenomvhichis oneof theworstformsof errors.It notjusta
coincidence that the taylor3 method is right at the borderline of being the most accurate
method. It vas the method that | used tordlp most of XStar with and so, if | had
noticed an xcess amount of accusgad would have either increased the display rate or
increased the number of stars. So, all the other methodswvamg kacompete with the
taylor3 method at theevy peak of its diciency.
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6.0 Conclusion
XStar has certain characteristics that influence which methods should be used to
solve the N-body problem. Thenclude:
» The long “history” of locations that XStar generates
» The real-time display requirements of XStar

» The requirement of ang high enough accuraso that the wrst of the
deviationsdo notoccur but thereis norequirementhattheaccurag mustbe
extremely high.

* Smooth paths are the norm
» For practical reasons, only axféo a fav dozen stars can be display on the
screen without it becoming cluttered.
These characteristics lead to corresponding conclusions:
» Multi-step methods areevy practical
* Variable step size methods are much harder to implement
* In practice, it appears that a method with an order of at least 4 is needed
» Simple Adam-Bashford methodsvk well
» Comple force function ealuation methods are not required
These conclusions combine to form the final conclusion thaftreeder Adam-
Bashfordmethodis the bestmethodfor mostof the practicalaccurag range For very low

accurag, thetaylor3methods the best,andfor thevery highaccurag, thegpemce8s the
best.
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